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K/F denotes a finite Galois extension with Galois group G, F the 
quotient field of a Dedekind domain with finite residue class fields. We 
characterize the cohomologically trivial ambiguous ideals of K. When 
K/F is cyclic, the cohomology groups of an ambiguous ideal of K have 
the same order. This is shown to fail in the noncyclic case. 
1. INTR~DWTION 
Throughout this paper K/F denotes a finite Galois extension with Galois 
group G, F the quotient field of a Dedekind domain Or, OK the integral 
closure of OF in K. Residue class fields of OF are assumed finite. Any 
fractional ideal 2l of K invariant under the Galois action of G, i.e. an 
ambiguous ideal, is a G-module and we have the Tate cohomology 
groups H’(G, ‘8) for all integers i. We give a necessary and sufficient 
condition that 5X be cohomologically trivial as a G-module (i.e., for all 
subgroups H of G and all integers i, H’(H, 5X) = 0). Rosen [4] and 
Yokoi [6] have proved for K/F cyclic that the cohomology groups 
H’(G, 0,) have the same order for all integers i. We describe a type of 
extension K/F for which the cohomology groups H’(G, 0,) can be 
explicitly calculated. Using this result, we construct an extension 
L/Q(J - 3) with Galois group G the four-group for which the cohomology 
groups of 0, as a G-module no longer have the same order. 
2. A CRITERION FOR COHOMOLOOICALTRIVIALITY 
A result of Yokoi proved in [6] can be generalized to any ambiguous 
ideal as follows. 
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LEMMA 1. Each ambiguous ideal ‘3 of an extension K/F contains some 
O,G-submodule M isomorphic to the free module 0,G and the cohomology 
groups H’(H, 2I) z H’(H, B/M) for all integers i and all subgroups 
H of G. The module ‘U/M isjnite. 
Proof The field K has a normal basis over F generated by some 8 E OK. 
For a nonzero ,I E 2L n F the element ,W generates a normal basis of K/F. 
Let M be the free O,G-module generated by X?. Clearly M E: ‘X Since 
free modules have trivial cohomology, the long exact sequence of 
cohomology obtained from the sequence 
yields H’(H, %) z H’(H, Pt/M) for all integers i and all subgroups H of G. 
Since residue class fields of 0, are finite, it follows (use invariant factor 
theorem for the OF-modules M c ‘3) that 2l/M is finite. 
COROLLARY. If the Galois group G is cyclic, then for an ambiguous ideal 
% of K the cohomology groups H’(G, 2l) h ave the same orderfor all integers i. 
Proof. G cyclic implies all the even (odd) dimensional cohomology 
groups are isomorphic. Now use the fact that for G cyclic and a finite G- 
module IV, the orders of H’(G, N) and H’(G, N) are equal. Q.E.D. 
Given an extension K/F. For each prime ideal ‘$3 of K there are the 
ramification groups 
V,(‘p) = {U E Gl(cr- 1)0x c ‘!J?+‘}, i nonnegative integer. 
Set YI(‘p) = V(Cp). Recall for r E G, rV(‘$)z-’ = V(Cp*). W denotes the 
set of prime ideals of F wildly ramified in K/F. For a prime ‘!J? of K 
dividing a prime p of F, V(Cp) # (11 if and only if p E W. 
THEOREM 2. Given the extension K/F with c(c an ambiguous ideal of K. 
The following statements are equivalent: 
(i) For each prime p E W there exists a prime !$3 of K dividing p 
such that 
H’(V($J), 2X) = 0. 
(ii) For each prime p E W and all primes ‘p of K dividing p we have 
H’(V(g), ‘%) = 0. 
(iii) ‘3 is cohomologically trivial as a G-module. 
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Proof. (iii) obviously implies (i). 
(i) implies (ii): The group G acts transitively on the primes of K dividing 
p. Thus for some r E G any prime of K dividing p has the form PO’, 
p given in (i). IQ’) = rV(Q)z-‘. It is a general fact that if M is a 
G-module and H a subgroup of G then there is an isomorphism 
fi : H’(H, M) + Hi(z Hz-‘, M) for all 7 E G and all integers i. For i = 0 
the isomorphism is given explicitly. Define SH : M + M by 
S,(m) = c cm, m E M. 
aclf 
Thenf, is defined by 
fo(m + S,M) = 5m + SrHr- 1 M. 
(ii) implies (iii): First consider the case where G is a p-group. We claim 
H’(G, a) = 0. Fix a prime p of F and let ‘$? be a prime of K dividing p. 
Define the integers s, e, m (respectively) as the exponents of the highest 
power of ‘p dividing the ideals 24 nOK, XJ(K/F) (respectively). ID(K/F) 
denotes the relative different. Clearly, s, e and m are independent of 
the choice of the prime ‘p of K dividing p. It is shown in ([5], Proposition 
1.1) that the p-component of % n F is p”, u = I + [(s- 1)/e] where [x] 
denotes the largest integer I the real number X; also the p-component 
of the trace S,,,Iu is p’, t = [(m + s)/e]. 
If p $ IV, then p is tamely ramified in K which implies m = e- 1 and 
finally t = U. If p E W, then hypothesis (ii) implies that ([5], Theorem 2.1) 
and s z 1 mod pr where pr is the highest power of p dividing e. Actually 
e = pr since here G is a p-group. It follows that the groups Vi@), 
i = 0 and 1, have order p’ and consequently m = 2(p’ - 1) and t = U. 
Thus H’(G, 2I) = 0. 
By Lemma 1 2I has the same cohomology as some finite G-module, 
say N. By a decomposition of N into primary components we reduce to 
the case where N is a p group. Apply e.g. Hoechsmann [2] to conclude N 
and hence 2I are cohomologically trivial as G-modules. 
Now let G be an arbitrary finite group. Denote a p-Sylow group of G 
by G,. It suffices to show that ‘8 is cohomologically trivial as a G,,-module 
for each pl(G: 1). This follows from the fact that the restriction map 
H’(G, 5X) + H’(G,, ‘%) is a monomorphism on the p-primary com- 
ponent of H’(G, rU) for all integers i. 
Let D be the set of primes (dividing order of G) which are characteristics 
of the field 0,/p, p E W. For p # D the extension K/K,, is tamely ramified 
and hence % is cohomologically trivial as a G,-module. 
For any p E W and some prime ‘$3 of K dividing p, the group I’(‘$) is 
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contained in a Sylow group G,, p E D. By hypothesis (ii) H”( V(Q), 2I) = 0. 
By the earlier argument for G a p-group we conclude ‘3 is cohomologically 
trivial as a G,-module. 
THEOREM 3. Let K/F be an extension such that the ramljication group 
V(‘$) of someprime ideal ‘p of K is G = G(K/F) (and hence Cp is ambiguous). 
Zf in addition H”(V(‘$), Cp) = 0, then for nonnegative n 
H”(G, 0,) g H-“-‘(G, 0,) 
and 
H”(G, 0,) is isomorphic to a vector space of dimensionfCi+“-’ over the 
field of p elements. Here p = characteristic of O,/‘p n F, pf = order of 
O,/‘$,p’ = (G: l), C; = a!((a-b)!b!)-‘, O! = 1. 
ProojI Use the fact that G is ap-group and part of the proof of Theorem 2 
with 2l = !$3 to conclude ‘@ is cohomologically trivial as a G-module. The 
exact sequence 
o-+q3+o,-+o,/cp+o 
implies H’(G, 0,) z H’(G, O,/‘$) for all integers i. Since K/F is totally 
ramified, G acts trivially on O,/‘$, which is isomorphic to Zi the direct 
sum off copies of the cyclic group of order p. 
For any (finite) group G and G-module M set M* = Horn (M, R/Z), R 
additive group of real numbers. G acts on gc Hom(M, R/Z) by 
(og)(m) = o(g(a- ’ m)) = g(a- ’ m). We know, see e.g. Cartan and Eilen- 
berg ([I], Corollary 6.5, p. 250) 
H”(G, M*) z (H-“-‘(G, M))* for nonnegative n. 
In particular when M is finite with trivial G-action 
H”(G, M) z H-“-‘(G, M) for nonnegative II. 
We take M = 0,/p r Z$ 
Since H’(G, ‘$3) = 0, it follows from ([5], Theorem 2.1) that G = 26 
for some r. Thus we need to compute H”(Z$Zi) where Zi is acted on 
trivially. The cohomology groups H”(Z;,Z& are annihilated by p and 
therefore may be regarded as vector spaces over the field with p elements. 
Set d(n, r) = dimension of H”(Z;,Z,) over that field. Of course 
dim H”(Z& Z{) = f. d(n, r). A long but straightforward computation with 
the Kiinneth relations shows d(n, r) = Ci+‘-‘, n a nonnegative integer. 
COROLLARY. With the hypotheses of Theorem 3 the cohomology groups 
H’(G, 0,) have the same order for all integers i if and only if r = 1, i.e., 
G is cyclic of prime order p. 
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3. AN EXAMPLE WITH COHOMOLOGY GROUPS OF DIFFERENT ORDERS 
We now construct the extension L/Q(J-3) referred to in the intro- 
duction. Let Q(n) be the cyclotomic field of nth roots of unity. Set 
F = Q(3), Ki = F&“), p1 = 1+2p, pL2 = 1 +2p2, pLg = - 1, where p is 
a primitive cube root of unity. For L = K,K,, L 2 K, = Q(12). The 
extension L/F is Galois with Galois group G a direct sum of two cyclic 
groups of order 2. 
For K = F(p*), p a square-free integer of F, we know, see e.g. Lakein 
([3], Proposition l.l), that the relative different D(K/F) = 2p* when 
/J is not a quadratic residue mod 4. Thus a(Ki/F) = 2pi*, i = 1, 2, 3, 
and 2 = pf ]ID(K,/F), where pi is the (unique) prime ideal of Ki dividing 2. 
Clearly L/F is totally ramified over the prime 20,. Set 0 = (1 +p,*) 
(1+&l)-’ EI,. S’ mce the relative norm and trace of 0 to K3 are 
integers of K,, 8 E OL and hence B(L/K,) divides B(L/K,)(O), the relative 
different of 8. Let ‘$I be the (unique) prime of L dividing 2. Since 
~211B(L/K3)(8) and p5 IIa(Ki/F), i = 1, 2, 3, it follows that ‘$J2/1B(L/K3). 
By the chain rule for differents, ‘$‘IIID(L/F). 
Calculating as in the proof of Theorem 2 we find H’(G, ‘$?) = 0. Since 
V(q) = G we have shown there exists an extension satisfying the hypotheses 
of Theorem 3 (with p = r = f = 2). Consequently the cohomology 
groups H”(G, 03 have a different order for each nonnegative IZ. Ex- 
plicitly the dimension of H”(G, 0,) over the field with 2 elements is 
2(n + l), nonnegative n. 
Remark. As in Lakein ([A, pp. 56-57) we see that KJQ, i = 1,2, is 
not Galois since the norm of pi is 3, which is not a square in F. The 
Galois closure of Ki is F(p,*, pzi) = L and G(L/Q) is the dihedral 
group of order 8. By computation the orders of the groups H’(G(L/Q), O,), 
i = 0 and 1, are 2 and 4, respectively. 
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